We continue the investigations on the finite conjugacy centre, denoted as (U(Γ )), the hyper centre, and thus also the second centre Z 2 (U(Γ )), of the unit group U(Γ ) of a Z-order Γ in a finite-dimensional Q-algebra. In particular, it is shown that (U(Γ )) is finitely generated and Z 2 (U(Γ )) ⊆ (U(Γ )), also conditions are obtained for these two groups to be equal or central. Applications are given to the unit group of the integral semigroup ring ZS of a finite semigroup. It follows that often U(ZS) has central height two and Z 2 (U(ZS)) = (U(ZS)). This extends earlier results on integral group rings
Introduction
The unit group U(ZG) of an integral group ZG of a group G is an object of intensive study. In recent years attention has been given to special subgroups, such as the normalizer of the trivial units [11, 14, 20] , the hyper centre [2, 17] and the finite conjugacy centre [4, 5, 12, 13, 24, 25] . The former one is closely related to the isomorphism problem of integral group rings (see, for example, [14, 19] ). In particular, Hertweck's investigations have led to a counter example to the isomorphism problem [11] .
Li and Parmenter [17] showed that the central height of U(ZG) (for G a periodic group) is one, except if G is a Q * -group in which case the central height is two. This result was proved earlier by Passi and Arora [2] in case G is a finite group. Recently Jespers and Juriaans [13] completely determined the finite conjugacy centre of U(ZG) for G a finite group. This answered a question of Artamonov and Bovdi [3] . It follows that this group equals the second centre of U(ZG).
It is natural to investigate the mentioned special subgroups in the more general context of the unit group of a Z-order Γ in an arbitrary finite-dimensional Q-algebra A (with unity). The latter means that Γ is subring of A (with the same unity) which is a finitely generated additive group so that QΓ = A. Examples of such orders are matrices over integral group rings, Munn algebras over Z-orders, and more generally, (contracted) integral semigroup rings. In [25] Sehgal and Zassenhaus started such investigations, and recent results are obtained by Dokuchaev, Juriaans, Milies and Sobral [8] and Bovdi [6] . The latter papers also were motivated by an earlier result of Herstein [9] showing that the finite conjugacy centre of the unit group of a division ring always is central.
In this paper we continue these investigations. We show that the finite conjugacy centre of the unit group U(Γ ) of an arbitrary Z-order Γ is determined by an abelian group and the finite conjugacy centre of the unit group of a Z-order in a semisimple algebra. In particular, it follows that the finite conjugacy centre of U(Γ ) is finitely generated. It is also shown that the second centre of U(Γ ) always is contained in the finite conjugacy centre and it is investigated when these groups are equal or central. It is shown that the existence of epimorphic images of A that are totally definite quaternion algebras is the obstruction for the mentioned subgroups to be central. Hence the latter play a crucial role. Sehgal and Zassenhaus [25] (see also [26] ) have shown that the unit group of an order in a totally definite quaternion algebra is central-by-finite (and actually the latter is a property that determines when a finite-dimensional simple Q-algebra is a totally definite quaternion algebra). We finish the paper with a section on applications to integral semigroup rings of finite semigroups, in particular, it is shown that for many such rings the central height of its unit group is at most two and the second centre equals the finite conjugacy centre.
Preliminaries
We use the following notation. By T (G) we denote the set of periodic elements of a group G. By Z n (G) we denote the nth centre of G, the centre is simply denoted by Z(G). The finite conjugacy centre (or simply the FC-centre) of G is denoted by (G), this is the subgroup consisting of all elements with finitely many conjugates. It is well known that
If A is a finite-dimensional algebra over a field Q, then the Wedderburn-Malcev theorem states that, For a ∈ A we denote by a S the natural image of a in S(A). Hence, for a Z-order Γ in A one can write
a sum of Z-modules, and
a direct product of Z-orders, where Γ T (respectively Γ I ) is the natural projection of Γ in T (A) (respectively I(A)). In particular, 1 T (respectively 1 I ) denotes the unity of T (A) (respectively I(A)). For a ∈ A we denote by a T (respectively a I ) the natural image of a in T (A) (respectively I(A)). For a primitive central idempotent e of S(A) we denote by a e the element (a S )e and Γ e = {(γ S )e | γ ∈ Γ }.
We recall some basic properties of Z-orders. First, U(Γ ) is a finitely generated group. Second, if also Γ 1 is a Z-order in A, then Γ ∩ Γ 1 also is a Z-order. Third, if Γ 1 ⊆ Γ , then the index (U(Γ ) : U(Γ 1 )) is finite. For more details we refer the reader to [26] .
Recall that a totally definite quaternion algebra is a non-split generalized quaternion algebra
, where K is a totally real number field with a and b totally positive. So,
a four-dimensional K-algebra with x 2 = −a, y 2 = −b and xy = −yx. Note that
, the classical quaternion algebra over the reals R.
Proposition 2.1 (Sehgal and Zassenhaus [25, 26] In [12] Hertweck determined the unit group of Z-orders that are generated by a finite group in a totally definite quaternion algebra. Recall that Amitsur in [1] classified all finite groups embedded in a division algebra.
We also need the following technical lemma.
Lemma 2.2. Let K be a field and
Proof. Put θ = (u, g). Since, by assumption, this element commutes with g we get
Because by assumption each k i θ −n+i ∈ K, the polynomialf (X) also is the monic minimal polynomial of u and thus for any 0 i n,
The finite conjugacy centre
To determine the finite conjugacy centre of the unit group of a Z-order in a finitedimensional Q-algebra the following property is crucial. Lemma 3.1 [8] . Let K be the field of fractions of an infinite domain D. Let Γ be a subring of a K-algebra A so that Γ is a finitely generated D-module and KΓ = A. Then the elements of (U(Γ )) commute with nilpotent elements of A.
Note that we obtain at once that x ∈ (U(Γ )) is central in A if and only if x commutes element-wise with the simple components of S(A) that are division algebras.
As an immediate application we give a very short and simple proof of a result of Dokuchaev et al. The proof given in [8] makes use of the Zariski topology. Theorem 3.2 [8] . If A is a finite-dimensional algebra over an infinite field K, then (U(A)) is central.
Proof. Let u ∈ (U(A)
) and write u = s + j with s ∈ S(A) and j ∈ J (A). Clearly s ∈ (U(S(A))) and thus by Herstein's result [9] and Lemma 3.1 we have that s is central in S(A). So to prove that u commutes with the elements of a division component D of S(A) it is sufficient to show that j commutes element-wise with D.
. Since we are working over an infinite field K one can consider the infinite set {x,
The result clearly is not valid if K is a finite field, nor does it hold for arbitrarily infinitedimensional algebras [7, Example 1] .
For Z-orders the situation is more complicated. For example, let Q 8 denote the quaternion group of order 8. It is well known that the unit group of the natural Z-order in the classical rational quaternion algebra equals ±Q 8 . Hence the FC-centre of a Z-order is not necessarily central. More general, for the integral group ring ZG of a finite group G it has been shown [13] that (U(ZG)) is central except when G is a Q * -group. In the last section we will reprove this fact as an immediate application of our general results.
Recall that a group G is said to be a Q * -group if G has an abelian subgroup A of index 2 so that there exists an element a ∈ A of order 4 and such that for all h ∈ A and all g ∈ G \ A, g 2 = a 2 and g −1 hg = h −1 . We call such an element a a distinguished element of G.
We first show that the obstruction for an element of (U(Γ )) to be central only comes from epimorphic images of A that are totally definite quaternion algebras.
Lemma 3.3. Let A be a finite-dimensional Q-algebra. Suppose e is a primitive central idempotent of S(A). Let Γ be a Z-order in A and suppose u ∈ (U(Γ )). If u e is not central in S(A)e, then S(A)e is a totally definite quaternion algebra.

Proof. Because of Lemma 3.1 and the assumption that u e is not central in S(A)e, we know that S(A)e is a division algebra. Recall that Γ e denotes the Z-order of S(A)e containing all elements g e with
is of finite index in U(Γ ) it follows, using standard arguments of Z-orders that, C U (Γ e ) (u e ) is a subgroup of finite index in U(Γ e ). Since by assumption u e is not central in S(A)e, the algebra QC U (Γ e ) (u e ) is a proper subring of S(A)e. So, by Proposition 2.1 the algebra S(A)e is a totally definite quaternion algebra, as desired. ✷ In the case A is a semisimple algebra we thus obtain the following result. 
. , e n are the primitive central idempotents of A, then (U(Γ )) ⊆ n i=1 (U(Γ ))e i and if (U(Γ ))e i is not central, then it has a subgroup of finite index which is central in the totally definite quaternion algebra Ae i . In particular, (U(Γ )) is finitely generated.
Proof. Since by assumption A is semisimple, the first part of the statement follows at once from Lemma 3.3. For the second part it is sufficient to notice that because of the Dirichlet Unit Theorem the unit group of a Z-order in a number field is finitely generated. ✷ Lemma 3.5. Let A be a finite-dimensional Q-algebra.
with nilpotent elements. If e is a primitive central idempotent of S(A) such that u e is not central in S(A)e, then u e ∈ T (A). In particular, s1 I is central in S(A)1 I . If, furthermore, u is a periodic unit in A, then u = s ∈ S(A) and u1 I ∈ Z(I(A)).
Proof. Suppose e is a primitive central idempotent of S(A) so that u e = se is not central in S(A)e and there exists x ∈ S(A)e so that λ = [se, x] = 0. Clearly S(A)e is a division algebra. We claim that eJ (A) = J (A)e = {0}.
Suppose the claim is false and choose θ ∈ J (A) = J so that θe = 0 (the case eθ = 0 is dealt with similarly). Let m be the positive integer so that eθ ∈ J m \ J m+1 . Since u commutes with the radical, and thus with θx, xθ and θ we get
a contradiction. Now assume that u = s + j also is a periodic unit. We claim j = 0. Suppose the contrary and let m be the positive integer so that j ∈ J m \ J m+1 . Then factoring out by J m+1 we may assume that J 2 = {0}. Hence u, and thus also s, commutes with j . Let n be a positive integer so that u n = 1. Then we get 1 = u n = s n + ns n−1 j and thus ns n−1 j = 0. Since s is an invertible element this yields j = 0, a contradiction. Thus u = s ∈ S(A) and by the first part of the proof u1 I ∈ Z(I(A)). ✷ Corollary 3.6. Let A be a finite-dimensional Q-algebra so that
finitely generated abelian group and T ( (U(Γ ))) is central in A.
Proof. Because of Lemmas 3.1 and 3.5 we get that T ( (U(Γ ))) is contained in S(A) and it also is central in A.
Let u, w ∈ (U(Γ )). Because of Lemma 3.5 we can write
Since the commutator subgroup of an FC-group is a torsion group, 1 + j is a periodic element in (U(Γ )). So by the first part 1 + j ∈ S(A) and thus j = 0. This shows that (U(Γ )) is abelian.
To prove the last part, note that (
). Because of Corollary 3.4 the latter group is finitely generated central-by-finite. Since J (Γ ) is a finitely generated additive group and because it is also a nilpotent ideal we get that 1 + J (Γ ) and therefore also (U(Γ )) ∩ (1 + J (Γ )) is a finitely generated nilpotent multiplicative group and thus (U(Γ )) is a finitely generated group. ✷ Corollary 3.7. Let Γ be a Z-order in a finite-dimensional Q-algebra. Then (U(Γ )) is finitely generated.
Proof. This follows from Corollaries 3.4 and 3.6. ✷
We finish this section with determining when
(U(Γ )) is central in U(Γ ) in case T (A) is zero. Theorem 3.8. Let A be a finite-dimensional Q-algebra so that T (A) = {0}. Assume Γ is a Z-order in A, then (U(Γ )) is not central in U(Γ ) if and only if there exists a j ∈ Z(J (Γ )) such that 1 < [U(Γ S ) : C U (Γ S ) (j )] < ∞.
Proof. One implication is trivial. For the converse assume
, where x i ∈ S(A) and j i ∈ J (A). Again by Lemma 3.1 u commutes with nilpotent elements and thus it follows from Lemma 3.5 that s ∈ Z(S(A)). We also get thatũ
Clearlyũ commutes with all elements of U(Γ ).
Let m be a positive integer so that ms, mj, ms 
So j 1 ∈ Z(J (Γ )). Hence j 1 again satisfies the desired requirements of the theorem. ✷ Contrary to the semisimple case we get the following consequence.
Proof. This follows from Theorem 3.8 and the fact that U(Γ 1 ) and U(Γ 2 ) have a common subgroup of finite index. ✷
The second centre
In this section we investigate the hyper centre of the unit group of a Z-order Γ in a finite-dimensional Q-algebra. 
Lemma 4.2. Let A be a finite-dimensional Q-algebra. Suppose e is a primitive central idempotent of S(A). Let Γ be a Z-order in A so that A is generated as a Q-algebra by U(Γ ) and suppose u ∈ Z 2 (U(Γ )). If u e is not central in S(A)e, then S(A)e is a totally definite quaternion algebra and u e ∈ Z 2 (U(Γ e )).
Proof. Because of Lemma 4.1 and the assumption that u e is not central in S(A)e, we know that S(A)e is a division algebra. Let (U(Γ )) S denote the natural image of U(Γ ) in Γ S . Since u ∈ Z 2 (U(Γ )) we get that ((U(Γ )) S e, u e ) ⊆ Z(S(A)e). Hence consider the following group homomorphism: ϕ : U(Γ ) S e → Z S(A)e : g → (g, u e ).
Let n be the degree of the minimal monic polynomial m u e (X) of u e . Because u e is a unit, the constant term of m u e (X) is nonzero. So, by Lemma 2.2, (g, u e ) n e = 1 for all g ∈ (U(Γ )) S e. Therefore Im ϕ is contained in the set of central nth roots of unity in
S(A)e. Hence | Im ϕ| n and thus ((U(Γ )) S e : H ) n, with H = C (U (Γ )) S e (u e ) = Ker ϕ. Since (U(Γ )) S e ⊆ U(Γ S )e ⊆ U(Γ e ) we also get that (U(Γ e ) : H ) < ∞. Consequently u e ∈ (U(Γ e )). Lemma 3.3 hence implies that S(A)e is a totally definite quaternion algebra. This finishes the proof of the first part. Let F = C S(A)e (u e ). Since, by assumption, u e is not central in S(A)e and the latter is four-dimensional over its centre, it is easily seen that F is a subfield of S(A)e and F = Z(S(A)e) + Z(S(A)e)u e . As an algebra A is generated by U(Γ ), hence there exists
a unit u 1 ∈ U(Γ ) so that (u 1 ) e ∈ F . So S(A)e = F + F (u 1 ) e . Since u ∈ Z 2 (
U(Γ )) we know from Lemma 2.2 that (u, u 1 ) e is a central torsion unit in the real field Z(S(A)e).
Hence (u, u 1 ) e = (u e , (u 1 ) e ) = −1. It follows that ((u 1 ) e ) 2 
is central in S(A)e and (u 1 ) e induces, via conjugation, an involution
for some central element c. Hence (u e , v) is central and the second part of the statement of the corollary follows. ✷ Part two is now obvious. Part three follows from Corollary 3.7, part two and the fact that the unit group of an order in a totally definite quaternion algebra is an FC-group.
Theorem 4.3. Let Γ be a Z-order in a finite-dimensional Q-algebra A so that A is generated as a Q-algebra by U(Γ ). Then (1) if T (A) does not have epimorphic images that are totally definite quaternion algebras, then Z 2 (U(Γ )) = Z(U(Γ )).
(2) Z 2 (U(Γ )) ⊆ e Z 2 (U(Γ e )) × f Z(U(Γ f )) × Z(U(Γ I )),
where e runs through all primitive central idempotents of T (A) so that T (A)e is a totally definite quaternion algebra and where f runs through all primitive central idempotents of T (A) so that T (A)f is not a totally definite quaternion algebra. In particular, the central height of U(Γ ) is bounded by the central height of all U(Γ e ). (3) Z 2 (U(Γ )) ⊆ (U(Γ )) and in particular Z 2 (U(Γ )) is a finitely generated central-byfinite group (central in U(Γ )).
(4) if Z 2 (U(Γ )) = (U(Γ )), then Z 2 (U(Γ )) = Z 3 (U(Γ )) and (U(Γ I )) is central.
Proof. To prove the first part, assume T (A) does not have epimorphic images that are totally definite quaternion algebras. If u = s + j ∈ Z 2 (U(Γ )), then u commutes with nilpotent elements and s is central in S(
To prove part four, assume Z 2 (U(Γ )) = (U(Γ )). From the previous part it follows that (U(Γ )) is central-by-finite. Hence by Theorem 3.8 we get that (U(Γ
, part two then yields that
where e runs through all primitive central idempotents of T (A) so that T (A)e is a totally definite quaternion algebra and where f runs through all primitive central idempotents of T (A) so that T (A)e is not a totally definite quaternion algebra.
) and thus by the third part,
is an FC-group we obtain that u e ∈ (U(Γ e )).
The result on integral group rings shows that the converse of part one does not hold in general. Since the unit group of a Z-order in a totally definite quaternion algebra always is an FC-group it is easy to give examples to show that the converse of part three and four are not valid in general. If one restricts the type of Z-orders, then the converse sometimes can be proved. We will do so for a large class of integral semigroup rings.
Group and semigroup rings
For the integral group ring ZG of a periodic group G, Li and Parmenter [17] proved that the central height of the unit group U(ZG) is one, except when G is a Q * -group in which case the central height is two and Z 2 (U(ZG)) = Z(U (ZG) ) a , where a is a distinguished element of G. For a finite group G this result was proved earlier by Arora and Passi [2] . The proofs are quite long and ultimately rely on a result of Bovdi [3] [4] [5] which says that G contains a finite non-central abelian normal subgroup in the unit group of ZG if and only if G is a Q * -group. Furthermore, if N is a finite normal subgroup of U(ZG), then N ⊆ G and either N is abelian or an Hamiltonian 2-group (and G also is an Hamiltonian 2-group). Recently, Jespers and Juriaans [13] completely described the finite conjugacy centre of U(ZG) for G a finite group. It follows that (U(ZG)) = Z 2 (U(ZG)). For completeness' sake we now give a short proof of this fact as an application of our general results on orders.
Recall that the units of the integral group ring of an Hamiltonian 2-group are trivial. Hence its central height is 2.
Corollary 5.1. If G is a non-abelian finite group, then one of the following exclusive cases occurs: (1) G is not a Q * -group and then (U(ZG)) is central; (2) G is a Hamiltonian 2-group and then U(ZG) = ±G; (3) G is a Q * -group which is not a Hamiltonian 2-group and then
where a is a distinguished element of G.
Furthermore,
Proof. Denote by * : QG → QG the classical Q-linear involution on QG, that is, g * = g −1 for g ∈ G. Suppose u ∈ (U(ZG)) is not central. Let e be a primitive central idempotent in QG. Because of Corollary 3.4, ue is central if (QG)e is not a totally definite quaternion algebra. On the other hand, if (QG)e is a totally definite quaternion algebra with centre F , then
So if g ∈ G, then det(ge) is a positive real number of finite multiplicative order, so det(ge) = 1. Hence g * e = (ge) −1 is the hermitian transposed of the matrix ge. It follows that uu * is a central unit. Because of Krempa's result (see [13] ) this implies that uGu −1 = G. As u also commutes with nilpotent elements of QG, a result of Hertweck [10, Theorem 3.8] 
hence implies that u ∈ Z(U(ZG))G. So (U(ZG)) = Z(U(ZG))H , where
H is a non-central subgroup of G. Because of Bovdi's result we get that G is a Q * -group and either H (and G) is a Hamiltonian 2-group or H is abelian. In the latter case it follows as in [13] that (U(ZG)) = Z(U (ZG) ) a , where a is a distinguished element of G.
Because of Theorem 4.3 it now remains to prove that (U(ZG)) ⊆ Z 2 (U(ZG)). So we only need to show that a ∈ Z 2 (U(ZG)). This is well-known and easy to show. Again for completeness' sake we include a short argument. Therefore let v ∈ U(ZG). Since G is a Q * -group we can write G = A ∪ Ag for an abelian subgroup A of G, some g ∈ G and conjugation by g on A induces the classical involution * on A.
is central and thus a ∈ Z 2 (U(ZG)). ✷ We now extend the previous result to a large class of integral semigroup rings of finite semigroups which are not necessarily semiprime.
Let us first introduce some notation and give some background on semigroups and semigroup rings. For details we refer to [22] . Let G be a group and I, M non-empty sets. A finite semigroup S has a series of subsets Assume from now on that QS has a unity (in [23] one finds several results for the existence of such an element) and that the finite semigroup S has an ideal chain with all principal factors either null or completely 0-simple semigroups of the type M 0 (G i , n i , n i , P i ), for some group G i and sandwich matrix P i invertible in the matrix ring M n i (QG i ) (for example, this is the case if QS is semisimple). Clearly we get the following ideal chain in QS:
It is also well-known (see, for example, [22] 
, the contracted semigroup algebra of S i /S i−1 over Q. Since the latter have a unity and the other principal factors yield nilpotent quotients it follows with standard techniques that
where the direct product runs over all i so that S i /S i−1 is completely 0-simple. So, if n i = 1 (i.e., S has a principal factor S i /S i−1 which is a group adjoined with a zero) then QS/J (QS) has a group ring in the above mentioned decomposition. [18, 21, 22] ). Suppose ZS has a unity. Then
where H, A, and C are subgroups of the unit group of a Z-order in QS with H central in QS, A finitely generated abelian and C the direct product of cyclic groups of order 4 (one for each principal factor that is Q * -group which is not an Hamiltonian 2-group and in this case the cyclic group is generated by a distinguished element) and Hamiltonian 2-groups (one for each principal factor which is an Hamiltonian 2-group). Furthermore, Z 2 
(U(ZS)) ⊆ H (A ∩ Z(QS))C and the central height of U(ZS) is at most two.
Proof. Because of Theorem 4.3 we know that Z 2 (U(ZS)) ⊆ (U(ZS))
. We now prove that (U(ZS)) is contained in a product of three groups as described in the statement. Recall that
Because of Corollary 3.6, (U((ZS) I ) ) is a finitely generated abelian group. We thus have to investigate the projection of (U(ZS)) in (U((ZS) T ) ). Therefore let u ∈ (U(ZS)) and let e be a central idempotent of T (QS) so that T (QS)e is the direct product of totally definite quaternion algebras and T (QS)(1 − e) does not have an epimorphic image that is a totally definite quaternion algebra (here 1 denotes the unity of T (QS)). From Lemma 3.3 we know that u(1 − e) is central in QS.
Because of the assumption on the principal factors, it follows that
the direct product of the contracted semigroup algebras of the principal factors of S (each e i is a central idempotent) that are completely 0-simple semigroups. Clearly, if n i 2, 
Hence for any u ∈ (U(ZS)), v ∈ U(ZS), (u, v) is central. So u ∈ Z 2 (U(ZS)). Theorem 4.3 then implies that (U(ZS)) = Z 2 (U(ZS)) = Z 3 (U(ZS)). ✷
Remark. In the proof of the previous corollary we also have shown that the second centre is an elementary abelian extension of the centre. In the case of group rings this elementary abelian group is of rank at most 1. In the case of integral semigroup rings of the mentioned type the rank is at most the number of principal factors which are Q * -groups. It is also easy to construct examples that show that this upper bound is sharp.
We finish with an example of a semigroup ring ZS of a finite semigroup S so that QS does not have totally definite quaternion algebras as an epimorphic image but Z(U(ZS)) = Z 2 (U(ZS)) is strictly contained in (U(ZS). Let C = c | c 5 = 1 , a cyclic group of order 5. Let S = C ∪ {x i | i ∈ Z 5 } ∪ {θ }, the disjoint union, with θ the zero element of S. The multiplication on S is that of C extended by the laws 
